Light-emitting diodes (LEDs) in a pulsed operation offer combined characteristics in efficiency, thermal management, and communication, which make them attractive for many applications such as backlight unit, optical communication, and optogenetics. In this paper, an analytic model, validated by three dimensional finite element analysis and experiments, is developed to study the thermal properties of micro-scale inorganic LEDs (l-ILED) in a pulsed operation. A simple scaling law for the l-ILED temperature after saturation is established in terms of the material and geometrical parameters of l-ILED systems, peak power, and duty cycle. It shows that the normalized maximum temperature increase only depends on two non-dimensional parameters: normalized l-ILED area and duty cycle. This study provides design guidelines for minimizing adverse thermal effects of l-ILEDs. 
I. INTRODUCTION
Inorganic light-emitting diodes (LEDs) are attractive for broad classes of applications in solid state lighting due to their high efficiency and lifetime. 1, 2 Many other applications such as backlight unit and optical communications require LEDs to be operated by pulsed current (or power) to take advantage of their high efficiency, thermal management, and effective application in communication. 3, 4 Pulsed mode can provide additional benefits, especially in applications of optogenetics, where the biological response can be suppressed by the continuous mode operation. 5 Recently, Kim et al. reported strategies to enable efficient, ultrathin micro-scale inorganic LEDs (l-ILEDs), and their integration onto unconventional substrates such as hydrogel to simulate biological tissue. 3 The process began with high quality epitaxial material grown using state-of-the art techniques on sapphire substrates followed by the definition of the size of individual l-ILED ($100 lm Â 100 lm). The technique of transfer printing was used to release the completed l-ILED onto the hydrogel substrate with a polyimide (PI) layer on the top to ensure a good contact between l-ILED and the substrate. A photo-definable layer of epoxy (SU8) encapsulated the device but left the p-and n-type contacts (yellow part in Fig. 1(a) ) exposed. Two electrodes were then used to provide pulsed power to drive the l-ILED in order to study its thermal behaviors. Optical measurements of the emission spectra and light output were performed with a spectrometer (HR4000 and FOIS-1 fiber optics integrating sphere, Ocean Optics). Radiant efficiency to be used to calculate the power for l-ILED was simply obtained from the light output power divided by the input electrical power. The SU8 surface temperature, measured by a QFI Infra-Scope Micro-Thermal Imager, was approximately the same as the l-ILED temperature because the SU8 layer directly above the l-ILED was very thin ($0.5 lm). Figure 1(a) shows the layouts of a single l-ILED on a PI layer attaching to a hydrogel substrate encapsulated by a SU8 layer, and the cross section is shown in Fig. 1(b) . The pulsed power applied to the l-ILED is denoted by QðtÞ ¼ Q 0 UðtÞ with Q 0 as the peak power and UðtÞ as a unit pulsed power as shown in Fig. 1(c) . The duty cycle is defined as D ¼ s=t 0 , where s is the pulse duration and t 0 is the period of the pulse. The brightness can be controlled by adjusting the pulse duty cycle D without changing the color characteristics of LEDs.
The thermal properties of l-ILED devices are critically important because excessive heating can limit the stability, reliability, and efficiency. Thermal studies of l-ILEDs have been carried out for similar layouts as Fig. 1(a) in steady-state conditions with a continuous direct current (or power) input. 3, 6, 7 For l-ILEDs with a pulsed current (or power), Kim et al. performed a three-dimensional (3D) finite element analysis (FEA) to investigate the thermal properties of the l-ILED ( Fig. 1(a) ). 3 As shown in Fig. 1(d) for the pulsed peak power Q 0 ¼ 30 mW with duty cycle D ¼ 50% and period t 0 ¼ 1:0 ms, the l-ILED temperature increased, at first, in a fluctuation way, then reached saturation in a band after a few seconds, and the band did not change with the operating time. 8 The maximum temperature, which determined the performance of l-ILEDs, was reached after the saturation.
Several thermal models and approaches have been proposed to accurately and efficiently predict the LED temperature in a pulsed operation. Most of them are expressed as a thermal resistor-capacitor (RC) network, [8] [9] [10] [11] [12] which is solved by commercial or open programs such as FLOTHERM and SPICE. The RC network approach can save significant time and effort, but the values for R and C for different sections of LED packages need be determined from the curve-fitting of a transient thermal measurement of the package. Other methods such as multi-exponential method, finite volume method, and finite element method are also used to obtain the LED temperature. [13] [14] [15] [16] [17] However, none of them can give the LED temperature with pulsed power directly in terms of material properties, geometric, and loading parameters. This paper aims at developing an analytic model, as validated by experiments and 3D FEA, to study the thermal properties of l-ILED systems in a pulsed operation. A simple scaling law for the l-ILED temperature after saturation is established analytically in terms of the material and geometrical parameters of l-ILED systems, peak power, and duty cycle. The scaling law is very useful for the design and optimization of l-ILED systems.
II. HEAT CONDUCTION MODEL FOR THE l-ILED SYSTEM IN A PULSED OPERATION
As shown in Figs. 1(a) and 1(b) , the l-LED is on the PI/ hydrogel substrate and is encapsulated by the SU8 layer. The thickness of the l-LED, 6.54 lm, is much smaller than its inplane size L (100 lm Â 100 lm). Heat transfer mainly occurs through the top and bottom surfaces of l-LED such that it can be modeled as a planar heat source at the SU8-PI interface. Furthermore, the hydrogel substrate has a thickness ($2 mm) much larger than that of SU8 encapsulation (7 lm) and the thickness (6.54 lm) and in-plane size (100 lm) of l-LED, and is therefore modeled as a semi-infinite substrate. For simplicity, an axisymmetric model is adopted where the heat source is modeled as a circular disk of r 0 ¼ L= ffiffiffi p p such that it has the same area (L 2 ) of the l-ILED. These assumptions, as validated by experiments and 3D FEA of square l-ILED, significantly simplify the analysis to obtain the analytic solution. Figure 2 shows a schematic illustration of the analytic model of a SU8 encapsulation layer with thickness h encap on a semi-infinite hydrogel substrate subjected to a circular disk heat source QðtÞ ¼ Q 0 UðtÞ with radius r 0 at the SU8/hydrogel interface. The origin of the cylindrical coordinate system (r,z) is at the center of heat source (Fig. 2) . The temperature change from the ambient temperature, DT ¼ T À T 1 , satisfies the heat conduction equation:
where a ¼ k=ðcqÞ is thermal diffusivity with k as thermal conductivity, c as specific heat capacity, and q as mass density. In the following, the subscripts encap and sub denote the encapsulation and substrate, respectively. At the top surface of SU8 (z ¼ Àh encap ), natural convection has a negligible effect on the device temperature, 3 which gives Àk encap @DT @z
Across the SU8/hydrogel interface (z ¼ 0), the temperature is continuous
and the heat flux is also continuous except the region of heat source (z ¼ 0; r r 0 )
The ambient temperature at the bottom surface of hydrogel (z ¼ 1) gives
The periodic pulsed power can be expressed via its Fourier series as
where
, a n ¼ sinð2npDÞ=ðnpÞ, and b n ¼ ½1 À cosð2npDÞ=ðnpÞ. In the following, we will first obtain the temperature increase due to a sinusoidal power Q 0 cosðxtÞ [or Q 0 sinðxtÞ] and then use the method of superposition to obtain DT due to Q(t).
A. 
Substitution of hðr; z; xÞe ixt into Eq. (1) gives
where q ¼ ffiffiffiffiffiffiffiffi ffi x=a p . The Hankel transform hðn; z; xÞ ¼ Ð 1 0 hðr; z; xÞJ 0 ðnrÞrdr, where J 0 is the 0th-order Bessel function of the first kind, then yields an ordinary differential equation:
which has the solution
where AðnÞ and BðnÞ are to be determined, and are denoted by A encap and B encap for the SU8 encapsulation, and A sub and B sub for the hydrogel substrate, respectively. The Hankel transform of boundary and continuity conditions in Eqs. where J 1 is the 1st Bessel function of the first kind 
h sub ðr; z; xÞ ¼ Q 0 pr 0
The temperature increase on the surface (z ¼ Àh encap ) of SU8 encapsulation, which is to be used in the comparison with 3D FEA in Sec. III, is given by h surface ðr; xÞ ¼ Q 0 pr 0
The 20 Therefore, the temperature increase in l-ILED is relatively uniform. 3, 6, 7 In addition, the uniform volumetric heat source of l-ILED also helps its temperature to be uniform. 6 The l-ILED temperature can be approximately by the average temperature of SU8/hydrogel interface over the entire region of l-ILED (z ¼ 0; 0 r r 0 )
B. Temperature increase due to a pulsed power For a pulsed power (Fig. 1(c) ) given in Eq. (6), the temperature increase can be obtained by the superposition of solutions in Eqs. (13)- (16) . In particular, the temperature increase on the surface of SU8 encapsulation is given by DT surface ðr; t; xÞ ¼ Dh surface ðr; 0Þ þ X 1 n¼1 jh surface ðr; nxÞj
where b n is the phase angle of h surface ðr; nxÞ as defined by Eq. (7). The temperature increase of l-ILED is , and 2 mm for hydrogel, 20, 21 respectively. The top surface of SU8 had natural convection with the coefficient of heat convection 25 W/(m 2 K) while the other surfaces were at a constant ambient temperature T 1 ¼ 30 C. The continuum element DC3D8 in the ABAQUS software was used in FEA. 24 The temperature increases during the pulse duration and then decreases between pulses. The good agreement of temperature between analytic and FEA validates the assumptions used in the analytic model. To further validate the analytic model, Fig. 3 compares the surface temperature distribution in Eq. (17) , when DT LED reaches the maximum, to that obtained by accurate 3D FEA at peak power Q 0 ¼ 30 mW with the duty cycle D ¼ 50% and the period t 0 ¼ 1:0 ms. The analytic model agrees reasonably well with the FEA. This is further validated by the maximum and minimum temperature increases of l-ILED for various duty cycles at 30 mW, together with the experimentally measured temperature of l-ILED, all shown in Fig.  4 . The analytic model and FEA agree well, and the experimental data are indeed within the maximum and minimum temperature increase given by the analytic model. For duty cycle D decreasing from 100% (i.e., constant power) to 1%, DT LED decreases from $202 C to $0.5 C, which suggests that l-ILEDs can be operated in a pulsed mode at a high power density but a low temperature increase. This is important for applications to optogenetics, which require the peak power density of $10 mW/mm 2 with sustained temperature increase less than 1-2 C. 5 At this peak, power density of 10 mW/mm 2 , the present design of l-ILEDs in Fig. 1 gives the maximum temperature increase only $0.4 C at 50% duty cycle, and 0.1 C at 10% duty cycle.
III. A SCALING LAW FOR l-ILED TEMPERATURE IN A PULSED OPERATION
The temperature increase of l-ILED in a pulsed operation given in Eq. (18) is rather complex. A simple scaling law is established in this section, which clearly shows the influences of various material, geometric, and loading (heating) parameters, and is useful to optimize the design of l-ILED.
A. A scaling law for temperature increase due to a sinusoidal power Equation (16) can be rewritten by the change of integration variable g ¼ nr 0 as
The last term
in the integrand rapidly decreases to zero for g > 10, while for g < 10, the first term in the integrand has very little variation (<5%) and can be approximated by its value at g ¼ 0. Equation (19) is then approximated as
Here ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi x=a encap p is usually larger than, or on the order of, a few lm À1 for polymer with period less than 1 ms as in applications of optogenetics 26 and high power LEDs. 27 For h encap larger than, on the order of, a few lm (e.g., 7 lm in Fig. 1 
where L 1 is the 1st-order modified Struve function. 25 The left hand side of Eq. (21) is the normalized temperature increase, while the right hand side depends only on r 2 0 x=a sub , which can be related to the l-ILED area pr 
IV. CONCLUSIONS
We have developed an analytic model, validated by 3D FEA and experiments, to study the thermal properties of l-ILED in a pulsed operation. A simple scaling law for the l-ILED temperature after saturation shows that the normalized maximum temperature increase depends only on two non-dimensional parameters: duty cycle D, and pr 2 0 =ða sub t 0 Þ, where pr 2 0 is in-plane area of l-ILED, a sub is the thermal diffusivity of the substrate, and t 0 is the period of the pulse. Large pr 2 0 =ða sub t 0 Þ or small D is effective to dissipate heat and therefore reduce the temperature. For relative large pr 2 0 =ða sub t 0 Þ, a simple, analytic formula for the maximum temperature increase is obtained, which shows a linear proportionality to the duty cycle D. These provide useful design guidelines for avoiding adverse heating of l-ILED.
